In this paper we introduce a di usive scaling to a hyperbolic system with relaxation and prove that, under such a scaling, the solution converges to that of a nonlinear convection-di usion equation. Using energy estimates, such a limit is justi ed with the initial data prescribed around a traveling wave solution of the relaxation system.
Introduction
Hyperbolic system with relaxation arises in a wide variety of physical problems, ranging from linear and nonlinear waves 22], kinetic theory 2], to multiphase and phase transition modeling. In these problems usually one can not nd the exact solution. The behavior of the solution could be understood in some asymptotic regimes.
In recent years much attention has been paid to the study of the zero relaxation limit. In this regime, such a complicated system may asymptotically be replaced by a much simpler hyperbolic system, the behavior of the 1 latter is either already well understood or easier to analyze. Rigorous justi cation of such a limit has been made by Liu 15] , Chen, Levermore and Liu 4 ], Collet and Rascle 6], Natalini 18 ] for 2 2 systems, where the zero relaxation limit is a scalar conservation law, using compensated compactness or BV estimates. Such results were also obtained for multidimensional relaxation systems that converge to scalar equations by Katsoulakis and Tzavaras 9] and Natalini 19] . See 20] for a survey of recent results in this direction. More recently such a program has been carried out for relaxations to hyperbolic systems by Serre 21] .
In this article we study a di erent asymptotic limit, which leads a hyperbolic system with relaxation to a convection-di usion equation. The proper scaling of this asymptotic regime, besides the usual assumption of a small relaxation time , requires a long time and weak nonlinearity assumption. This kind of long time behavior is important physically, among the famous examples include the transport equation in di usive regimes 17] , but the asymptotic scaling studied in this article seems new to our best knowledge.
We begin with the hyperbolic system with relaxation constructed by Jin and where > 0 is the relaxation time. This system was introduced as a new way of regularizing the hyperbolic system u t + f(x) x = 0: (1.2) In fact, for small , using the Chapman-Enskog expansion, one may get the following convection-di usion equation 3) It has been proved that the solution of (1.1) does converge to the entropy solution of (1.2) 4] 6] 18]. Thus (1.1) provides a physically natural way to regularize (1.2) , in parallel to the regularization of the Euler equation by the Boltzmann equation 2]. It is also the basis for the construction of the relaxation scheme, a class of simple, e cient TVD schemes for general system of conservation laws 8] that does not need a Riemann solver, nor the local characteristic decomposition.
Despite its simplicity, the system (1.1) possesses the key features of a more general hyperbolic system with relaxation, thus serves as an ideal model problem to understand the more general ones. This is the reason we, among others, study this model. Our analysis clearly extends to more general sys- The initial data associated with (E ) are
(1.5)
Here for convenience v is chosen to be the local equilibrium so there is no initial layer.
Asymptotically it is easy to see that, as ! 0, (E ) reduces to the following problem (E 0 ) u t + f(u) x = au xx ;
Our goal in this paper is to rigorously justify this asymptotic limit. Since the reduced equation (E 0 ) is a di usion equation, we call such a limit the di usion limit. Since the reduced equation (E 0 ) is parabolic, the key smoothness assumption which leads to the above approximation is naturally satis ed, thus we do not need to impose any additional restriction to ensure the stability. This can be better understood by using the Chapman-Enskog expansion, which in the case of (E ) reads v = f(u ) ? au In the present paper, we will investigate the di usion limit of system (E ), with the initial data prescribed around a traveling wave of (E ). We intend to show that the sequence f(u ; v )g converges, as ! 0, to the unique solution (u; v) of the problem (E 0 ). Our result shows that, for any solution of the original system (E ), a small perturbation about a traveling wave (U ; V ) will persist in the moving frame. Namely, the solution of (E ) will converge to that of the reduced equation (E 0 ) about its own traveling wave, which is the limit of the U?component of the traveling wave of the original system.
In Section 2, we will show that there exist traveling wave solutions with shock pro le for (E ), i.e., (u ; v )(x; t) = (U ; V )(x ? st) (U ; V )(z); (U ; V )(z) ! (u ; v ) as z ! 1; (1.8) where (u ? ; u + ) is an admissible shock of the corresponding conservation laws. That is, the constants u and s ( ) equation, and we will derive some elementary a priori estimates for the solution which lead to the global wellposedness of the error equation. The energy method employed in this section is similar to that in 13] and 14] where the nonlinear stability of traveling waves to system (1.1) was obtained. The convergence to the local equilibrium is established in Section 4, and the main theorem is proved in Section 5. Furthermore, it will be shown that some higher-order energy estimates hold under additional assumptions on initial data which ensures the compactness.
Among recent literatures, the main mathematical tools in justifying the zero relaxation limit are compensated compactness or BV estimates 20]. These techniques in general do not work for hyperbolic systems. Therefore it is interesting to analyze the possibilities of the energy methods for such problems, although in the present case the BV estimates could still be obtained under possibly weaker assumptions by monotonicity techniques.
Notations. + k, will be used freely. Throughout the paper integrals are taken over IR unless otherwise indicated. C is the generic positive constant independent of .
Traveling Waves
To be self-contained, we rst state the existence theorem of the traveling wave solution with shock pro le for the system (E ). We will then show that it converges, as ! 0, to the traveling wave solution of (E 0 ) in H To prove Theorem 3.1, we reset the problem (E ) by applying (u ; v )(x; t) = (U ; V ) + ( z (z; t); (z; t)) ; (3.4) where z = x ? st, into (E ) (sometimes we drop the index in the proof for convenience) to get 
where C is a positive constant independent of .
Proof of Proposition 3.1: (3.7) can be written as a rst-order symmetric hyperbolic system, so the existence of a solution to (3.7)-(3.9) on some time interval 0; T( )] is well known; Furthermore, in order to show that T( ) T for some T independent of and that (3.10) holds, it su ces to show that (3.10) holds for su ciently small under the assumptions that exists on 0; T] and is smooth enough to justify the energy estimates used below.
Next we will give a priori estimate for (3.7) with energy estimates. For simplicity in our energy analysis, we assume f 00 (u) > 0; for u 2 ( 
Convergence to the Local Equilibrium
A necessary step to establish the limit is to study the convergence to the local equilibrium v = f(u) ? au x . Further a priori estimates for t and the equilibrium will assure this.
To this end, we multiply @ t L( ) by 2 t and 2( t ? s z ) t , respectively.
Noting that @ t L( ) = L( t ) = L(~ ), similar arguments as in Lemma 3. Using the identity 5 Limit
In this section, we study the limiting behavior, as goes to zero, of the solution z = to (3.7), and then prove our main convergence theorem. 
